




















REGULARITY THEOREMS AND ENERGY IDENTITIES FOR
DIRAC-HARMONIC MAPS
QUN CHEN, JU¨RGEN JOST, JIAYU LI, GUOFANG WANG
Abstract. We study Dirac-harmonic maps from a Riemann surface to a sphere
Sn. We show that a weakly Dirac-harmonic map is in fact smooth, and prove that
the energy identity holds during the blow-up process.
1. Introduction
Let M be a compact spin Riemann surface, ΣM the spinor bundle over M and
N a compact Riemannian manifold. Let φ be a map from M to N , ψ a section
of the bundle ΣM ⊗ φ−1TN . Let ∇˜ be the connection induced from those on ΣM
and φ−1TN . The Dirac operator D/ along the map φ is defined by D/ψ := eα · ∇˜eαψ,




[|dφ|2 + 〈ψ,D/ψ〉ΣM⊗TN ].
The critical points (φ, ψ) are called Dirac-harmonic maps fromM to N (these maps
were first introduced in our companion paper [3] were also further background and
motivation are provided). When ψ vanishes, we obtain the standard energy func-
tional whose minimizers φ are harmonic maps. In other words, here we are gen-
eralizing that setting by coupling the map with a spinor field with values in the
pull-back tangent bundle. The important point is that this generalization preserves
a fundamental property of the energy functional on Riemann surfaces, namely its
conformal invariance. In fact, our functional is nothing but the action functional
for the non-linear supersymmetric sigma model from quantum field theory, with
the only difference that here all fields are real valued instead of having Grassmann
coefficients. This brings us back into the framework of the calculus of variations.
Since the construction is geometrically quite natural, one should expect that this
class of maps can yield new geometric invariants of N . Before one can address
that issue, however, one needs to do the basic analytic work. As a first step, we
should derive a compactness theorem. To begin this program, we consider in this
paper the case that the target is a sphere Sn, that is, in the terminology of quantum
field theory, we consider the O(n + 1) sigma model. Suppose that (φk, ψk) is a




(|dφk|2 + |ψk|4), then there is a subsequence which we also denote
by (φk, ψk) such that φk → φ weakly in W 1,2 and ψk → ψ weakly in L4, and
outside a finite set of points S = {p1, p2, · · · , pI} which we call the blow-up set, the
convergence is strong on compact sets. So (φ, ψ) is smooth in M \ S, and it is a
weakly Dirac-harmonic map. We show first in this paper that any weakly Dirac-
harmonic map is smooth, and so also the present limit is smooth. At every blow-up
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point pi, by Sacks-Uhlenbeck’s blow-up, one gets a finite number of Dirac-harmonic
spheres (σli, ξ
l
i). The regularity of weakly harmonic maps was proved by Helein [6]
and [7]. Another main purpose of this paper is to show the so-called energy identity:
limk→∞E(φk) = E(φ) + ΣiΣlE(σ
l
i); limk→∞E(ψk) = E(ψ) + ΣiΣlE(ξ
l
i).
The energy identity for a min-max sequence for the energy was proved by Jost [10],
for Palais-Smale sequences with uniformly L2-bounded tension fields by Ding-Tian
[4]. For related results see [13], [18], [14], [15] and [11].
2. Regularity theorems for Dirac-harmonic maps
Let (M,hαβ) be a compact two-dimensional Riemannian manifold with a fixed
spin structure, ΣM the spinor bundle. For any X ∈ Γ(TM), ξ ∈ Γ(ΣM), denote
by X · ξ the Clifford multiplication, which satisfies the following skew-adjointness
relation:
〈X · ξ, η〉ΣM = −〈ξ,X · η〉ΣM
for any X ∈ Γ(TM), ξ, η ∈ Γ(ΣM), where 〈·, ·〉ΣM denotes the metric on ΣM in-
duced by the Riemannian metric hαβ). Choosing a local orthonormal basis {eα, α =
1, 2} on M , the usual Dirac operator is defined as: ∂/ := eα ·∇eα, where ∇ stands for
the spin connection on ΣM (here and in the sequel, we use the Einstein summation
convention). (A good reference for the spin geometry tools used in this paper is
[12].)
Let φ be a smooth map from M to another compact Riemannian manifold (N, g)
of dimension n ≥ 2. Let φ−1TN be the pull-back bundle of TN by φ and consider
the twisted bundle ΣM ⊗ φ−1TN . On ΣM ⊗ φ−1TN there is a metric 〈·, ·〉ΣM⊗TN
induced from the metrics on ΣM and φ−1TN . Also we have a natural connection
∇˜ on ΣM ⊗ φ−1TN induced from those on ΣM and φ−1TN . In local coordinates,
the section ψ of ΣM ⊗ φ−1TN is written as
ψ = ψj ⊗ ∂yj (φ),
where each ψj is a usual spinor on M and {∂yj} is the natural local basis on N . ∇˜
becomes
∇˜ψ = ∇ψi ⊗ ∂yi(φ) + (Γijk∇φj)ψk ⊗ ∂yi(φ)
where the Γijk are the Christoffel symbols of the Levi-Civita connection of N .
We define the Dirac operator along the map φ as
D/ψ := eα · ∇˜eαψ
= ∂/ψi ⊗ ∂yi(φ) + (Γijk∇eαφj)(eα · ψk)⊗ ∂yi(φ).






for all ψ, ξ ∈ C∞(ΣM ⊗ φ−1TN), the space of smooth sections of ΣM ⊗ φ−1TN ,
where 〈ψ, ξ〉ΣM⊗TN := gij(φ)〈ψi, ξj〉ΣM , for ψ, ξ ∈ Γ(ΣM ⊗ φ−1TN).
Set
(2.1) X (M,N) := {(φ, ψ) | φ ∈ C∞(M,N) and ψ ∈ C∞(ΣM ⊗ φ−1TN)}.
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By a direct computation, we obtain the Euler-Lagrange equations of L:
(2.2) D/ψi = ∂/ψi + Γijk(φ)∂αφ
j(eα · ψk) = 0, i = 1, 2, · · · , n,
(2.3) τm(φ)− 1
2
Rmlij(φ)〈ψi,∇φl · ψj〉ΣM = 0, m = 1, 2, · · · , n,
where τ(φ) is the tension field of the map φ, ∇φl · ψj denotes the Clifford multipli-
cation of the vector field ∇φl with the spinor ψj , and Rmlij stands for a component
of the curvature tensor of the target manifold N . Denote
R(φ, ψ) := 1
2
Rmlij〈ψi,∇φl · ψj〉∂ym .
We write equations (2.2) (2.3) in global form as
(2.4)
D/ψ = 0
τ(φ) = R(φ, ψ).
Solutions (φ, ψ) of (2.2) and (2.3) are called Dirac-harmonic maps from M to N .
When ψ = 0, a solution (φ, 0) is just a harmonic map. Harmonic maps have been
extensively studied. See, for instance, two reports of Eells-Lemaire [5]. When φ is a
constant map, each component of ψ is a usual harmonic spinor. Harmonic spinors
also have been well understood, see for instance [8], [12], [2] and [1]. Dirac-harmonic
maps thus are a generalization and combination of harmonic maps and harmonic
spinors. Non-trivial examples are given in [3].
Let (N ′, g′) be another Riemannian manifold and f : N → N ′ a smooth map. For
a map φ :M → N , we have a map φ′ = φ ◦ f from M to N ′. The map f naturally
induces a map from M ⊗φ−1TN →M ⊗φ′−1TN,which is denoted by f∗. Hence for
and (φ, ψ) ∈ X we get (φ′, f∗ψ) ∈ X (M,N ′). ψ′ := f∗ψ is a spinor field along the
map φ′.
Let A be the second fundamental form of f , i.e., A(X, Y ) = (∇Xdf)(Y ) for any
X, Y ∈ Γ(TN). It is well-known that the tension fields of φ and φ′ satisfy the
following relation
(2.5) τ ′(φ′) = A(dφ(eα), dφ(eα)) + df(τ(φ)).
One can also check that the Dirac operators D/ and D/ ′ corresponding to φ and φ′
respectively are related by
(2.6) D/ ′ψ′ = f∗(D/ψ) +A(dφ(eα), eα · ψ),
where
A(dφ(eα), eα · ψ) := φiαeα · ψj ⊗A(∂yi , ∂yj )
= (∇φi · ψj)⊗ A(∂yi , ∂yj ).
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When f : N → N ′ is an isometric immersion, then A(·, ·) is the second funda-
mental form of the submanifold N in N ′. We have
∇′Xξ = −P (ξ;X) +∇⊥Xξ, ∇′XY = ∇XY + A(X, Y )
∀X, Y ∈ Γ(TN), ξ ∈ Γ(T⊥N), where T ⊥ N is the normal bundle, ∇ and ∇′
are covariant derivatives and P (· ; ·) denotes the shape operator. In this case, for
simplicity of notation, we identify φ with φ′ and ψ with ψ′. Using the equation of
Gauss, we have
Rmlij〈ψi,∇φl · ψj〉ΣM
= gmk[〈A(∂yk , ∂yi), A(∂yl , ∂yj )〉TN ′ − 〈A(∂yk , ∂yj ), A(∂yl, ∂yi)〉TN ′
+R′klij]〈ψi,∇φl · ψj〉ΣM
= 2gmk〈A(∂yk , ∂yi), A(∂yl, ∂yj )〉TN ′〈ψi, eα · ψj〉ΣMφlα
+gmkR′klij〈ψi,∇φl · ψj〉ΣM
= 2gmk〈P (A(∂yl, ∂yj ); ∂yi), ∂yk〉TN〈ψi, eα · ψj〉ΣMφlα +R′mlij〈ψi,∇φl · ψj〉ΣM ,
where in the last step we used the following relation between the shape operator
P (· ; ·) and the second fundamental form A(·, ·):
〈P (ξ;X), Y 〉TN = 〈A(X, Y ), ξ〉TN ′
for any X, Y ∈ Γ(TN), ξ ∈ Γ(T⊥N). Set
P (A(dφ(eα), eα · ψ);ψ) := P (A(∂yl, ∂yj ); ∂yi)〈ψi, eα · ψj〉ΣMφlα.
From the above calculation, we have
(2.7) R(φ, ψ) = P (A(dφ(eα), eα · ψ);ψ) +R′(φ, ψ).
Therefore, using (2.6) and (2.5) and identifying ψ with ψ′ and φ with φ′, we can
rewrite (2.2) and (2.3) as follows:
D/ ′ψ = A(dφ(eα), eα · ψ),(2.8)
τ ′(φ) = A(dφ(eα), dφ(eα)) + P (A(dφ(eα), eα · ψ);ψ) +R′(φ, ψ).(2.9)
In particular, by the Nash-Moser embedding theorem, we embed N into the Eu-
clidean space N ′ = RK , and have D/ ′ = ∂/ and τ ′ = −∆, where ∆ is the (negative)
Laplacian. Therefore, we have
∂/ψ = A(dφ(eα), eα · ψ),(2.10)
−∆φ = A(dφ, dφ) + P (A(dφ(eα), eα · ψ);ψ),(2.11)
where φ :M → RK with
(2.12) φ(x) ∈ N






i(x) = 0, for any normal vector v = (v1, · · · , vK) at φ(x).
Here ψi ∈ Γ(ΣM). For any vector v = (v1, v2, · · · , vK) ∈ RK , abusing the notation
a little bit, we write 〈v, ψ〉 = viψi ∈ Γ(ΣM). And we also write for ξ ∈ Γ(ΣM)
〈ψ, ξ〉 := (〈ψ1, ξ〉ΣM , 〈ψ2, ξ〉ΣM , · · · , 〈ψK , ξ〉ΣM) ∈ RK ,
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if there is no confusion.
Set
X 1,21,4/3(M,N) := {(φ, ψ) ∈ W 1,2 ×W 1,4/3 with (2.12) and (2.13) a.e.}.
For simplicity of notation, we denote X 1,21,4/3(M,N) by X (M,N) (thus, we are chang-
ing the convention of (2.1)). It is clear that the functional L(φ, ψ) is well-defined
for (φ, ψ) ∈ X (M,N).
Definition. A critical point (φ, ψ) ∈ X (M,N) of the functional L in X (M,N) is
called a weakly Dirac-harmonic map from M to N . Equivalently, (φ, ψ) ∈ X (M,N)
is a weakly Dirac-harmonic map from M to N if and only if (φ, ψ) satisfies∫
M
{〈∇φ,∇η〉 − 〈A(dφ, dφ) + P (A(dφ(eα), eα · ψ);ψ), η〉} = 0,(2.14) ∫
M
{〈ψ, ∂/ξ〉 − 〈A(dφ(eα), eα · ψ), ξ〉} = 0,(2.15)
for all η ∈ C∞(M,RK) and ξ ∈ C∞(ΣM ⊗ RK).
One of our purposes of this paper is to study the regularity of weakly Dirac-
harmonic maps. Our main observation is that when the target N is the standard
sphere Sn, a weakly Dirac-harmonic map has a special structure like a weakly har-
monic map. For weakly harmonic maps, see [7].
Proposition 2.1. Let M be a Riemann surface with a fixed spin structure and
(φ, ψ) ∈ X (N,M) a weakly Dirac-harmonic map from M to Sn. Let D be a simply
connected domain of M . Then there exists M = (M ij) ∈ W 2(D,Rn×n) such that













(∇φi · ψi)⊗ φm,(2.17)
−∆φm = |dφ|2φ+ 〈ψm ⊗ dφ(eα), eα · ψ〉ΣM⊗RK ,(2.18)
for m = 1, 2, · · · , n+ 1. Set φα := dφ(eα).
From (2.18), we have for m = 1, 2, · · · , n+ 1 that
(2.19)
∆φm = −|dφ|2φm + 〈ψm ⊗ dφ(eα), eα · ψ〉ΣM⊗RK
= −(φiαφm − φiφmα )φiα + φiα〈eα · ψi, ψm〉ΣM (as 0 = ∂α1 = 2φiαφi)
= [〈∂x · ψi, ψm〉ΣM − (φixφm − φiφmx )]φix
+[〈∂y · ψi, ψm〉ΣM − (φiyφm − φiφmy )]φiy
:= Amiφix +B
miφiy.
We would like to show that there exists some function Mmi on D such that
(2.20) Ami =Mmiy , B
mi = −Mmix
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Calculating directly, one derives
Amix +B
mi
y = 〈∂x · ψix, ψm〉ΣM + 〈∂x · ψi, ψmx 〉ΣM + 〈∂y · ψiy, ψm〉ΣM
+〈∂y · ψi, ψmy 〉ΣM − (φixxφm − φiφmxx + φiyyφm − φiφmyy)
= 〈∂/ψi, ψm〉ΣM − 〈ψi, ∂/ψm〉ΣM − (∆φiφm −∆φmφi).(2.22)
From equation (2.18), one gets
(2.23) −(∆φiφm −∆φmφi) = −φkαφm〈eα · ψk, ψi〉ΣM + φkαφi〈eα · ψk, ψm〉ΣM ,
And from equation (2.17), one obtains
〈∂/ψi, ψm〉ΣM = −φkαφi〈eα · ψk, ψm〉ΣM .
Hence
(2.24) 〈∂/ψi, ψm〉ΣM − 〈ψi, ∂/ψm〉ΣM = φkαφm〈eα · ψk, ψi〉ΣM − φkαφi〈eα · ψk, ψm〉ΣM .
Putting (2.23) and (2.24) into (2.22) we have (2.21). Hence we prove the Proposition.
✷
Theorem 2.2. Let M be a Riemann surface with a fixed spin structure. Suppose
that (φ, ψ) ∈ X (N,M) is a weakly Dirac-harmonic map fromM to Sn. Then φ ∈ C0.
And hence (φ, ψ) is smooth.
Proof. From Proposition 2.1 and Wente’s well-known lemma ([17]), we know that
φm is continuous, m = 1, 2, · · · , n + 1, namely, φ ∈ C0(M, Sn). By Theorem 2.3
below, we have that φ and ψ are smooth. ✷
Theorem 2.3. Let (φ, ψ) : (D, δαβ) → (Nn, gij) be a weakly Dirac-harmonic map.
If φ is continuous, then (φ, ψ) is smooth.
To prove this theorem, we first establish two lemmas (Lemma 2.4 and Lemma
2.5 below which are similar to Lemma 8.6.1 and Lemma 8.6.2 in [9]). Since φ is in
C0(D,N), we can choose local coordinates {yi} on N such that Γijk(φ(0)) = 0. In
these coordinates, the equations for φ and ψ can be written as
(2.25) ∆φm = −Γmij (φ)φiαφjα +
1
2
Rmjkl(φ)〈ψk,∇φj · ψl〉ΣM ,
(2.26) ∂/ψm = −Γmij (φ)∇φi · ψj .
This intrinsic version of our equations is well-defined since φ ∈ C0.
Lemma 2.4. Let (φ, ψ) be a weak solution of (2.25) and (2.26). If φ ∈ C0 ∩











where D(x1, ρ) ⊂ D, η ∈ W 1,20 (D(x1, ρ),R), C is a positive constant independent of
ε, ρ, φ and ψ.
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Proof. Denote







Rmjkl(φ)〈ψk,∇φj · ψl〉ΣM , G = (G1, G2, · · · , Gn),
then
|Gx| ≤ C(|dφ|3 + |∇ψ||ψ||dφ|),
|Gφ| ≤ C(|dφ|2 + |ψ|2|dφ|),
|Gdφ| ≤ C(|dφ|+ |ψ|2).







Gi(x, φ, dφ)ζ i,
































































Substituting (2.29), (2.30) and (2.31) into (2.28), and choosing ρ small enough then
yields (2.27). ✷
Lemma 2.5. If φ ∈ C0 ∩W 1,4 ∩W 3,2(D(x0, R), N) and (φ, ψ) is a weak solution
of (2.25), (2.26), then for R sufficiently small, we have
(2.32) ‖∇2φ‖L2(D(x0,R/2)) + ‖dφ‖2L4(D(x0,R/2)) ≤ C1‖dφ‖L2(D(x0,R)),
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where C1 > 0 is a constant depending on |φ|C0(D,N) and R.
Proof. We may assume x0 = 0 ∈ D. Given ε′ > 0 small, since φ is continuous, we
can choose R small enough such that |φ(x) − φ(0)| < ε′ for all x ∈ D(x0, R). For
simplicity, we denote B := D(x0, R). From equation (2.26) we have
|∂/ψ| ≤ |Γijk(φ(x))− Γijk(φ(0)||dφj||ψk| ≤ CN |φ(x)− φ(0)||dφ||ψ|,
hence
(2.33) |∂/ψ| ≤ CNε′|dφ||ψ|
Noting that ∂/(ψη) = η∂/ψ +∇η · ψ, we have
‖∂/(ψη)‖L4/3(B) ≤ ‖η∂/ψ‖L4/3(B) + ‖∇η · ψ‖L4/3(B)
≤ CNε′‖|dφ||ψ|η‖L4/3(B) + ‖|∇η||ψ|‖L4/3(B)
≤ CNε′‖dφ‖L2(B)‖|ψ|η‖L4(B) + ‖|∇η||ψ|‖L4/3(B).(2.34)
By the elliptic estimates for the first order equation, we have
(2.35) ‖∇(ψη)‖L4/3(B) + ‖ψη‖L4(B) ≤ CR‖∂/(ψη)‖L4/3(B).
A proof was given in Lemma 4.8 in [3]. By choosing R small enough such that
CNε
′‖dφ‖L2(B) < 12 , we obtain from (2.34) and (2.35) that
(2.36) ‖∇(ψη)‖L4/3(B) + ‖ψη‖L4(B) ≤ CR‖|∇η||ψ|‖L4/3(B),
from which we easily derive that
(2.37) ‖|∇ψ|η‖L4/3(B) + ‖ψη‖L4(B) ≤ CR‖|∇η||ψ|‖L4/3(B).



























∇γ(∇βφ)∇β(ξ2∇γφ) = |∇γ∇βφ|2ξ2 + (∇γ∇βφ∇γφ)∇βξ2
≥ |∇2φ|2ξ2 − 2|∇2φ||dφ||ξ∇ξ|,(2.40)
and
|∇γG∇γφ| ≤ CN(|dφ|4 + |ψ||∇ψ||dφ|2 + |dφ|3|ψ|2
+|∇2φ||dφ|2 + |∇2φ||dφ||ψ|2).(2.41)
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:= I + II + III + IV + V + V I.(2.42)
For ε1 > 0 small, we have


























































choose R > 0 small enough such that
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Now for ε > 0, let ρ > 0 be as in Lemma 2.4, and with D(x1, ρ) ⊂ D(x0, R), choose
a cut-off function ξ ∈ C∞0 (D(x1, ρ)), 0 ≤ ξ ≤ 1 such that
ξ ≡ 1 in D(x1, ρ
2
); |∇ξ| ≤ 4
ρ
in D(x1, ρ),























it follows from (2.45) that
‖|ψ||dφ|ξ‖L4(Bρ) ≤ C‖∇(|dφ|ξ)|ψ|‖L 43 (Bρ),
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) with {D(x1, ρ2)} and using (2.54) we obtain (2.32). ✷
Now we are in the position to give the
Proof of Theorem 2.3. First, we show that φ ∈ W 2,2 ∩W 1,4(D(x0, R2 ), N). This can





, (if dist(x, ∂D) > |h|),
where (E1, E2, · · · , EK) is an orthonarmal basis ofRK , h ∈ R. ∆h := (∆h1 ,∆h2 , · · · ,∆hK).
Let ζ := ∆−hγ (ξ



















applying Lemma 2.4 to the right hand side, we obtain the following estimate anal-










from which it follows that the weak derivative ∇2φ exists and (2.32) still holds true
with ρ sufficiently small and C1 > 0 which depends on |φ|C0(D,N) and ρ.
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Next, since φ ∈ W 2,2, we have that φ ∈ W 1,p for any p > 0, thus, the right hand
side of (2.26) is in Lp(p > 2), so ψ ∈ C0,γ for some γ > 0. By the elliptic estimates
for the equation (2.25), we have φ ∈ W 2,p for any p > 2, thus φ ∈ C1,γ. By the
elliptic estimates for the equation (2.26), we have ψ ∈ C1,γ. Then the standard
arguments yield that both φ and ψ are smooth. This completes the proof. ✷
3. Energy identities
First, using the elliptic estimates, we can establish the following vanishing theorem
which will be used later in obtaining the energy identities, and in which we see
that the W 1,2-norm of φ and L4-norm of ψ play an important role in the analytic
properties of φ and ψ. We note that these two norms are conformally invariant.
Theorem 3.1. Let (M2, hαβ) be a compact Riemann surface with a fixed spin
structure, and (Nn, gij) be a compact Riemannian manifold. There is a constant





(|dφ|2 + |ψ|4) < ε0,
then φ is constant and consequently ∂/ψi ≡ 0, i = 1, 2, · · · , n.
Proof. In the sequel, we write ‖ · ‖D,k,p for the Lk,p-norm on the domain D, and
if there is no confusion, we may drop the subscript D. Embed N into some RK
isometrically, then from the φ-equation (2.11) we have
|∆φ| ≤ ‖A‖∞|dφ|2 + CN |dφ||ψ|2,
where CN > 0 is a constant depending only on N , ‖A‖∞ := maxN |A|. It follows







≤ C(‖dφ‖20,2 + ‖ψ‖20,4)‖dφ‖0,4




(|dφ|2 + |ψ|4) < ε0 for small ε0 > 0, then φ ≡ const. From equation (2.10), we
have ∂/ψi ≡ 0, i = 1, 2, · · · , n. ✷
Now we prove the small energy regularity. Since the problem is local, we assume
that M is flat.
Theorem 3.2 (ε−regularity theorem). There is an ε0 > 0 such that if (φ, ψ) :




(|dφ|2 + |ψ|4) < ε0,
then
(3.7) ‖dφ‖D˜,1,p ≤ C(D˜, p)‖dφ‖D,0,2,
(3.8) ‖∇ψ‖D˜,1,p ≤ C(D˜, p)‖ψ‖D,0,4,
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(3.9) ‖∇ψ‖C0(D˜) ≤ C(D˜)‖ψ‖D,0,4, ‖ψ‖C0(D˜) ≤ C(D˜)‖ψ‖D,0,4
∀D˜ ⊂ D, p > 1, where C(D˜, p) > 1 is a constant depending only on D˜ and p.
To prove this theorem, we first estimate |dφ|.
Lemma 3.3 There is an ε0 > 0 such that if (φ, ψ) : (D, δαβ) → (N, gij) is a C∞
Dirac-harmonic map satisfying (3.6), then
(3.10) ‖φ‖D1,1,4 ≤ C(D1)√ε0, ∀D1 with D1 ⊂ D,
where C(D1) > 0 is a constant depending only on D1.
Proof. Choose a cut-off function η : 0 ≤ η ≤ 1, with η|D1 ≡ 1 and Suppη ⊂ D. By
(2.11) we have
|∆(ηφ)| ≤ C(|φ|+ |dφ|) + ‖A‖∞|dφ|(|d(ηφ)|+ |φdη|) + |ηα|
≤ ‖A‖∞|dφ||d(ηφ)|+ C(|φ|+ |dφ|) + |ηα|,
where α := P (A(dφ(eα), eα · ψ);ψ), thus, for any p > 1,
(3.11) ‖∆(ηφ)‖0,p ≤ ‖A‖∞‖|dφ||d(ηφ)|‖0,p + C‖φ‖1,p + ‖ηα‖0,p.
Let p = 4
3
, and without loss of generality we assume
∫
D





from this and (3.11) we have
‖ηφ‖2, 4
3

























≤ C‖ψ‖20,4‖ηφ‖1,4 + C‖ψ‖20, 4
3
≤ C‖ψ‖20,4‖ηφ‖1,4 + C‖ψ‖20,4,
putting this into (3.12) we get:






‖ηφ‖1,4 ≤ C(‖dφ‖0, 4
3




Next we estimate ψ.
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Lemma 3.4. There is an ε0 > 0 such that if (φ, ψ) : (D, δαβ) → (N, gij) is a C∞
Dirac-harmonic map satisfying (3.6), then
(3.13) ‖ψ‖D2,0,q ≤ C(D2)‖ψ‖D,0,4, ∀q > 1, ∀D2 with D2 ⊂ D,
where C(D2) > 0 is a constant depending only on D2.
Proof. Choose a cut-off function η : 0 ≤ η ≤ 1, with η|D2 ≡ 1 and Suppη ⊂ D.
For any i = 1, 2, · · · , n, ψi is an ordinary spinor field, and ξi := ηψi has compact
support in D, so, by the well-known Lichnerowitz’s formula, we have
∂/2ξi = −∆ξi + 1
4
Rξi = −∆ξi





























‖∇ξi‖D,0,2 ≤ C(‖ψi‖D,0,2 + ‖dφ‖2D,0,4‖ψ‖2D,0,4)
≤ C‖ψ‖D,0,4(1 + ‖dφ‖D,0,4)
≤ C ′‖ψ‖D,0,4,
from which it follows that
‖ψ‖D2,0,q < C‖ψ‖D,0,4.
✷
Lemma 3.5. There is an ε0 > 0 such that if (φ, ψ) : (D, δαβ) → (N, gij) is a C∞
Dirac-harmonic map satisfying (3.6), then
(3.14) ‖dφ‖D2,0,4 ≤ C(D2)‖dφ‖D,0,2, ∀D2 with D2 ⊂ D,
where C(D2) > 0 is a constant depending only on D2.
Proof. Choose a cut-off function η : 0 ≤ η ≤ 1, with η|D2 ≡ 1 and Suppη ⊂ D. By
(3.12), we have





≤ C(‖dφ‖D,0,2 + ‖ηα‖D,0, 4
3
),
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Proof of Theorem 3.2. Choose D˜ ⊂ D3 ⊂ D2 ⊂ D1 ⊂ D. Also choose a cut-off





‖ηφ‖D2,2,2 ≤ C[‖A‖∞‖d(ηφ)‖D2,0,4‖dφ‖D2,0,4 + ‖φ‖D2,1,2 + ‖|ψ|2|dφ|‖D2,0,2]
≤ C(‖A‖∞‖ηφ‖D2,1,4‖dφ‖D2,0,4 + ‖φ‖D2,1,2 + ‖ψ‖2D2,0,8‖dφ‖D2,0,4).
Since
‖ηφ‖D2,1,4 ≤ C(D2)‖ηφ‖D2,2, 4
3
≤ C‖ηφ‖D2,2,2,
using this and (3.10) we otain
‖A‖∞‖ηφ‖D2,1,4‖dφ‖D2,0,4 ≤ C ′√ε0‖A‖∞‖ηφ‖D2,2,2,
which yields
(1− CC ′√ε0‖A‖∞)‖ηφ‖D2,2,2 ≤ C(‖φ‖D2,1,2 + ‖ψ‖2D2,0,8‖dφ‖D2,0,4)
≤ C‖φ‖D2,1,4,
therefore,
‖φ‖D2,2,2 ≤ C‖φ‖D2,1,4 ≤ ‖dφ‖D2,0,4.
By the Sobolev inequality, we have
(3.15) ‖dφ‖D3,0,p < C‖dφ‖D2,0,4, ∀p > 1.




Now for D˜ ⊂ D3, as above, we choose a cut-off function η : 0 ≤ η ≤ 1, with




φ = 0) we have:
‖ηφ‖D3,2,p ≤ C[‖A‖∞‖|dφ||d(ηφ)|‖D3,0,p + ‖φ‖D3,1,p + ‖|ψ|2|dφ|‖D3,0,p].
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from which and (3.14) it follows that
‖φ‖D˜,2,p ≤ C‖dφ‖D2,0,4 ≤ C‖dφ‖D,0,2.
Clearly, this also holds for φ without
∫
D3
φ = 0. Now let us give the estimates for ψ.
By Lemmas 3.4 and 3.5, for D1 ⊂ D, the following estimates hold
(3.16) ‖ψ‖D1,0,p ≤ C‖ψ‖D,0,4,
(3.17) ‖dφ‖D1,1,p ≤ C‖dφ‖D,0,2.
On the other hand, for D1 ⊂ D, by an argument similar to the one used in the proof
of Lemma 3.4, we have
(3.18) ‖∇ψi‖D1,0,2 ≤ C‖ψ‖D,0,4.
Computing directly, one gets
D/2ψi = −(∇˜eα∇˜eαψ)i +
1
2
Rikpj∇φp · ∇φj · ψk,
from which we have


















For any η ∈ C∞(D,R) with 0 ≤ η ≤ 1, we have
(3.20) |∆(ηψ)| ≤ C(|ψ|+ |∇ψ|+ |dφ|2|ψ|+ |∇2φ||ψ|+ |dφ||∇ψ|),
on D2 ⊂ D1. Choose a cut-off function η : 0 ≤ η ≤ 1, with η|D2 ≡ 1 and Suppη ⊂
D1. For any p > 1 we have
‖ηψ‖D1,2,p ≤ Cp[‖ψ‖D1,0,p + ‖∇ψ‖D1,0,p + ‖|dφ|2|ψ|‖D1,0,p
+‖|∇2φ||ψ|‖D1,0,p + ‖|dφ||∇ψ|‖D1,0,p].(3.21)
Let p = 4
3










from which it follows that
(3.22) ‖ψ‖D2,1,4 ≤ C‖ψ‖D,0,4,
and consequently,
‖ψ‖C0(D2) ≤ C‖ψ‖D,0,4,
This proves the second inequality in (3.9).
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Now for D3 ⊂ D2, choose a cut-off function η : 0 ≤ η ≤ 1, with η|D3 ≡ 1 and
Suppη ⊂ D2. By (3.21) on D2 for p = 2 we have:
‖ηψ‖D2,2,2 ≤ C[‖ψ‖D2,0,2 + ‖∇ψ‖D2,0,2 + ‖|dφ|2|ψ|‖D2,0,2
+‖|∇2φ||ψ|‖D2,0,2 + ‖|dφ||∇ψ|‖D2,0,2]




(3.23) ‖ψ‖D3,1,p ≤ C‖ψ‖D,0,4, ∀p > 1.
We again use (3.21) on D3 for a cut-off function η : 0 ≤ η ≤ 1, with η|D˜ ≡ 1 and
Suppη ⊂ D3. By (3.16) (3.17) (3.18) and (3.23) we have:
‖ηψ‖D3,2,p ≤ C‖ψ‖D,0,4, ∀p > 1.
that is,
‖∇ψ‖D˜,1,p ≤ C(D˜, p)‖ψ‖D,0,4.
We therefore obtain
‖∇ψ‖C0(D˜) ≤ C(D˜)‖ψ‖D,0,4.
This proves the first inequality in (3.9). ✷
Theorem 3.6 (Energy identities). Let {(φk, ψk) : M → Sn} be a sequence of
smooth Dirac-harmonic maps with uniform bounded energy:
E(φk, ψk) ≤ Λ < +∞,
and assume that {(φk, ψk)} weakly converges to a Dirac-harmonic map (φ, ψ) in
W 1,2(M, Sn)× L4(ΣM ⊗ Rn+1), then the blow-up set
S := ∩r>0{x ∈M |liminfk→∞
∫
Dx,r)
(|dφk|2 + |ψk|4) ≥ ε0}
is a finite set of points {p1, p2, · · · , pI}, and there are a subsequence, still denoted by
{(φk, ψk)}, and a finite set of Dirac-harmonic maps (σli, ξli) : S2 → Sn, i = 1, 2, · · · , I;
l = 1, 2, · · · , Li such that




















|ψk|4, E(φk, ψk) :=∫
M
(|dφk|2 + |ψk|4).
Proof. Since E(φk, ψk) ≤ Λ < +∞, the blow-up set S must be finite. So we can find
small disks Dδi for each pi such that Dδi ∩Dδj = ∅ for i 6= j, i, j = 1, 2, · · · , I. On
M \ ∪Ii=1Dδi , {(φk, ψk)} strongly converges to (φ, ψ) in W 1,2 × L4, so equivalently
we need to prove that there are Dirac-harmonic spheres (σli, ξ
l
i) : S
2 → Sn, i =
1, 2, · · · , I; l = 1, 2, · · · , Li such that
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2 → Sn, l = 1, 2, · · · , Li such that








where, for simplicity, we have dropped the subscript i of Dδi , Li etc. and denote pi
by p. Certainly, in each Dδ there is only one blow-up point p.
Let us first prove (3.28) and (3.29) for the case that there is only one bubble at the
blow-up point p. Then, we need to prove that there exists Dirac-harmonic sphere
(σ1, ξ1) : S2 → Sn, such that
(3.30) limδ→0limk→∞E(φk;Dδ) = E(σ
1),
(3.31) limδ→0limk→∞E(ψk;Dδ) = E(ξ
1).










We may assume that λk → 0 and xk → p as k →∞. Let
φ˜k(x) := φk(xk + λkx), ψ˜k(x) := λ
− 1
2
k ψk(xk + λkx),
then




E(φ˜k, ψ˜k;DK) = E(φk, ψk;DλkK(xk)) ≤ Λ,
from the ε−regularity theorem Theorem 3.2, we have a subsequence, still denoted
by (φ˜k, ψ˜k) , that strongly converges to some (φ˜, ψ˜) inW
1,2(DR, N)×L4(ΣDR×RK)
for any R ≥ 1. Thus, we get a nonconstant Dirac-harmonic map (φ˜, ψ˜) on R2, and
by stereographic projection, we obtain a nonconstant Dirac-harmonic map (σ1, ξ1)
on S2\{N} with bounded energy. By the regularity theorem, we have a nonconstant
Dirac-harmonic map (σ1, ξ1) on the whole S2, this is the first bubble at the blow-up
point p.
Let
A(δ, R, k) := {x ∈ R2|λkR ≤ |x− xk| ≤ δ},
then to prove the assertion of (3.30) and (3.31) is equivalent to proving
(3.32) limR→∞limδ→0limk→∞E(φk;A(δ, R, k)) = 0,
(3.33) limR→∞limδ→0limk→∞E(ψk;A(δ, R, k)) = 0.
REGULARITY THEOREMS FOR DIRAC-HARMONIC MAPS 19
Now let (rk, θk) be the polar coordinate system centered at xk, f : R × S1 →
R
2, f(t, θ) = (e−t, θ), where R × S1 is given the metric g = dt2 + dθ2, which
is conformal to ds2 on R2: (f−1)∗g = e2tds2. Denote Φk := f
∗φk, Ψk := f
∗ψk,
then E(Φk,Ψk) ≤ Λ since the energy functional is conformally invariant. Denote
T0 := |logδ|, PT := [T0, T0 + T ] × S1, T > 0, then (Φk,Ψk) → (f ∗φ, f ∗ψ) := (Φ,Ψ)
strongly on PT for any T > 0, hence
E(Φk,Ψk;PT )→ E(φ, ψ;Dδ \Dδe−T ), as k →∞.
Given any small ε > 0, since E(φ, ψ) ≤ Λ, we may choose δ > 0 small enough
such that E(φ, ψ;Dδ) < ε/2, then for any T > 0, there is a k(T ) such that when
k ≥ k(T ),








, k ≥ k(T ).




(|dΦk|2 + |Ψk|4) < ε, ∀t ∈ [T0, Tk − 1].
Suppose this is false, then there exists a sequence of {tk} such that tk → ∞ as
k →∞, and ∫
[tk,tk+1]×S1
(|dΦk|2 + |Ψk|4) ≥ ε, ∀t ∈ [T0, Tk − 1],
because of (3.34) and (3.35), we know that tk − T0, Tk − tk → ∞, by a translation




(|dΦ˜k|2 + |Ψ˜k|4) ≥ ε.
By our assumption on (φk, ψk), we may assume that (Φ˜k, Ψ˜k) weakly converges to
(Φ∞,Ψ∞) in W
1,2
loc ×L4loc(R×S1). If this is strong convergence on [0, 1]×S1, then we
obtain a nonconstant Dirac-harmonic map (Φ∞,Ψ∞) on the whole R×S1, and hence
a nonconstant Dirac-harmonic map (σ∞, ξ∞) on S
2/{N, S} with finite energy. Again
by the regularity theorem, we have a nonconstant Dirac-harmonic map (σ∞, ξ∞) on
S
2, a contradiction to the assumption that L = 1. On the other hand, if (Φ˜k, Ψ˜k)
does not strongly converge to (Φ∞,Ψ∞) on [0, 1]× S1, then we may find some point
(t0, θ0) ∈ [0, 1] × S1 at which {(Φk,Ψk)} blows up, in this case, we can still get a
second nonconstant Dirac-harmonic map (σ∞, ξ∞) on S
2, again contradicting L = 1.
Therefore, (3.36) holds true.




where C > 0 is a constant independent of t. Back to R2, we have




, r = r(x) = |x|, x ∈ A(δ, R, k),
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from which we can conclude that
(3.39) ||dφk||L(2,∞)(A(δ,R,k)) ≤ C
√
ε,
where || · ||L(2,∞)(A(δ,R,k)) denotes the norm in L(2,∞) (cf. [7]).
On the other hand, we know that (for the target Sn):
∆φm = [(φi1φ
m − φiφm1 )− 〈e1 · ψi, ψm〉ΣMφi1]
+[(φi2φ
m − φiφm2 )− 〈e2 · ψi, ψm〉ΣMφi2]
belongs to the Hardy space H1, so we have
(3.40) ||dφk||L(2,1)(A(δ,R,k)) ≤ C,
where ||·||L(2,1)(A(δ,R,k)) denotes the norm in the L(2,1) space. Therefore, by the duality
of L(2,1) and L(2,∞), (3.39) and (3.40) we have∫
A(δ,R,k)
|dφk|2 ≤ ||dφk||2L(2,∞)(A(δ,R,k))||dφk||2L(2,1)(A(δ,R,k)) ≤ Cε,
that is, for k, R large enough, δ small enough,
E(φk;A(δ, R, k)) < Cε,
which proves (3.32).
Now we turn to the proof of (3.33). Choose a cut-off function η on D(xk, 2δ) as
follows:
η ∈ C∞0 (D2δ \DλkR/2); η ≡ 1 in Dδ \DλkR
|∇η| ≤ C/δ in D2δ \Dδ; |∇η| ≤ C/λkR in DλkR \DλkR/2,
where we denote Dδ := D(xk, δ) etc. for simplicity. Then from ∂/(ηψk) = η∂/ψk +
∇η · ψk, we have
‖ηψk‖L4 ≤ C‖η∂/ψk +∇η · ψk‖L 43
≤ C‖|η||dφk||ψk|+ |∇η||ψk|‖L 43
≤ C‖dφk‖L2(A(2δ,R/2,k))‖ψk‖L4(A(2δ,R/2,k)) + C[
∫
A(2δ,R/2,k)




(|∇η||ψk|) 43 ] 34 + [
∫
DλkR\DλkR/2
(|∇η||ψk|) 43 ] 34 ,










≤ C√ε+ Cε 14 + Cε 14 ,
where in the last step, we used (3.36). This proves (3.33). Therefore, the energy
identities holds true for the case L = 1.
For a fixed blow-up point p, the number L of bubbles (σ, ξ) must be finite. This
follows easily from the fact that there is a number C(Sn) > 0 such that for all
nonconstant Dirac-harmonic maps (σ, ξ) : S2 → Sn, we have
E(σ, ξ; S2) ≥ C(Sn).
In fact, by Theorem 3.1, there is a constant ε0 > 0 such that if E(σ, ξ; S
2) < ε0,
then σ ≡ const. and ψ satisfies the Dirac equation ∂/ψ = 0 on S2 which implies that
REGULARITY THEOREMS FOR DIRAC-HARMONIC MAPS 21
ψ ≡ 0. We therefore have E(σ, ξ; S2) ≥ ε0 for all nonconstant Dirac-harmonic maps
(σ, ξ) : S2 → Sn.
The case of L > 1 can be proved by induction on the number L, we omit the
details, as one may see the argument in [4]. ✷
Remark. From the proof we see that at each blow-up point pi (i = 1, 2, · · · , I), the
Dirac-harmonic maps (σli, ξ
l
i) : S
2 → Sn, l = 1, 2, · · · , Li in Theorem 3.6 come from
the blow-up process at pi.
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